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An analysis of the steady flows with axial vortices in slender, cylindrical, nonaxisymmetric cavities generated by
injection from their porous walls is presented. This problem is encountered in the description of the flow in slender
combustion chambers of solid-propellant rocket motors associated with the gasification of the solid propellant
surrounding the combustion chamber. Nonreacting flow can be described in terms of self-similar solutions of the
Navier-Stokes equations and the solution, calculated numerically for noncircular grain configurations, shows strong
axial vortices, with a viscous vortex core that has been analyzed asymptotically for large Reynolds numbers. It was
found that the important property of the flow, namely, C'/2S /1, where C is a constant determining the axial pressure
gradient, S and IT are the cross section area and its perimeter, respectively, becomes unexpectedly close to 7/2 at
large Reynolds numbers, independently on the geometry of the cross section of the cavity. One can suppose that
C'2S /11 = /2 for any cavities in the invicsid limit, a conjecture that also obtained a support from numerical
calculations of flows in rectangular cavities generated by injection from their porous walls.

1. Introduction

HE gasification and combustion of the solid propellant lining

inside a rocket chamber takes place in a thin reaction layer
adjacent to the gas—solid interface. The gas produced as a
consequence of these processes is seen to be emerging from the solid
surface normally, with a constant temperature and velocity small
compared to the sound velocity. The resulting flowfield is
encountered in many other interior flows in cavities generated by a
flux from porous walls bounding the cavity. They have received
attention in the literature, but not for cavities with more complex
cross sections than a circular one or a two-dimensional channel, with
the exception of Balachandar et al. [1], despite the role these flows
play in solid-propellant rocket motors.

The earliest studies of steady flows of a viscous incompressible
fluid driven by uniform injection from porous walls can be traced
back to Berman [2]. Taylor [3] showed, in a pioneering work, that the
flows generated by injection from the boundary are rotational, even
in the inviscid limit, because the boundary layer is blown oft, and
they must satisfy the nonslip conditions at the boundary. Proudman
[4] investigated flows in a two-dimensional channel in the limit of
large cross-flow Reynolds numbers and constructed the general
inviscid solution. Culick [35] constructed the inviscid solution for
axisymmetric flow in a slender chamber of circular cross-section.
These results are based on the assumption of self-similarity of the
solution with respect to the axial distance z to the closed wall. As
shown by Balakrishnan et al. [6], the ratio of the characteristic
dimension a of the cross section of the cavity to the chamber length L
must be small, a/L < 1, for the self-similar description to apply.
Even in this case the self-similarity breaks down at distances to the
end wall of order a, because the boundary layer due to the radial flow
on the end wall separates leading to a recirculation bubble attached to
the end wall, as seen clearly in the experiments of Dunlap et al. [7].
The self-similarity will also be lost in another region scaled with a,
close to the nozzle. The viscous flow models that incorporate also the
effect of wall regression were considered by Majdalani et al. [§] and
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Dauenhauer and Majdalani [9]. The stability analyses of the self-
similar flows were carried out recently by Griffond et al. [10],
Griffond and Casalis [11], and Chedevergne et al. [12].

In practice the cross sections of the solid propellant chambers are
seldom circular and often star-shaped; see Sutton and Biblarz [13].
The flow involves longitudinal, in additional to the transverse,
vorticity. The first attempt to describe the axial vorticity has been
carried out by Balachandar et al. [1], where small perturbations of
Culick’s solution were considered. Their linear analysis is valid if
eRe <K 1, where ¢ measures the perturbation in the radius of the
cavity and Re is an Reynolds number based on the effective
gasification velocity and chamber radius. The authors of
Balachandar et al. [1] came to the conclusion that modest deviations
from the symmetry can have profound effects on the nature of the
flowfield.

The purpose of this paper is to contribute to the description of the
flows inside noncircular cylindrical cavities, shown in the sketch of
Fig. 1, when the deviations from circular cross section are not small.
Some numerical results about such flows were presented recently in
Lifidn et al. [14], together with the analysis of the Euler equations.
The present paper is structured as follows. The formulation focussed
on the self-similar flows is presented in Sec. II. Section III describes
the method of potential-solenoidal decomposition applied to
calculate the flowfield numerically, giving in Sec. IV some
representative cases. Section V is devoted to the asymptotic
description of the viscous core of the vortices appearing away from
the center of chamber that has been carried out for Reynolds numbers
of the transverse flow larger compared to unity. Some final comments
are given in Sec. VI.

II. General Formulation

Consider a rocket motor chamber lined inside with a solid
propellant, as sketched in Fig. 1. Two important assumptions have
been used in this study to facilitate the description of the steady
flowfield inside the chamber, in first approximation. The first one is
concerned with the disparity between the density of the gas produced
by combustion processes in the neighborhood of the solid surface
and the density of the solid propellant leading to a negligible ratio of
the regression velocity of the propellant surface to the normal gas
velocity. Thus, the flow is modeled by the flow injection from a fixed
surface with a constant wall-normal injection velocity U,,.

The second assumption is justified by a small value of the typical
ratio of the throat area of the nozzle attached to the chamber exit and
the internal area of the chamber. Even though the Mach number in the
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Fig. 1 Sketch of the problem with smooth and nonsmooth shapes of the
cross section area.

nozzle throat is close to unity, the value of the Mach number in the
chamber remains small from mass conservation considerations.
Then, the gas flow in the chamber is described by the incompressible
Navier—Stokes equations with a constant density o and a kinematic
viscosity v. It should be noted that for very long chambers the
compressibility effects could be not negligible near the end of the
chamber, before the nozzle.

The analysis carried out in the paper is confined to slender
chambers with cylindrical cavities of noncircular cross sections with
a transverse characteristic size a small compared to the chamber
length L, as is shown in Fig. 1. If we place the origin of the cylindrical
coordinate system, (r,¢,z), in the center point of the chamber
bottom, the cross section shape of the chamber is given by r = R(¢p).
Function R(g) is assumed to be 1) a a-periodic function of the
azimuthal angle ¢, where @ = 27t/ N and N is an integer number; and
2) a symmetric function with respect to ¢ = /2 in the interval
0 < ¢ < o having the maximum and minimum values at ¢ = 0 and
¢ =a/2, respectively. In the present study we consider that
R!(0) = 0, but the value of R’(«/2) may be both zero and nonzero,
describing the shapes with smooth and nonsmooth corners at
¢ = /2, respectively, as shown in Fig. 1.

The dimensional perimeter of the cross section area is
I = [?" VR?> + R™ dy. The value r, = IT' /27 (which is of order
a) is used later to measure the spatial coordinates, whereas U,, and
pU? are used as scales for velocities and pressure, respectively.

We seek in this study the steady solutions of the governing
equations. In the region near the chamber bottom, z ~ O(1), the
flowfield is three-dimensional, except for the case of the circular
cross section, R = const, when the flowfield becomes independent
on the azimuthal coordinate ¢. Nevertheless, far from the chamber
bottom, at z > 1, the steady Navier—Stokes equations have a
separable solution of the form

v =00, v =0,(r0), v, =2W(r )
| ()
P=—5CZ+p(r.g)

where C is an unknown beforehand constant, to be determined as a
part of the solution. In fact, form (1) of the solution corresponds to a
first term of an expansion in powers of the ratio a/L < 1.

Substituting (1) into the steady Navier—Stokes equations reduces
the problem to the following form:

(V-o)+ W=0 ©))
(v-V)v=—Vp+ Re 'Av 3)
(-V)W + W2 =C + Re ' AW &)

where Re = U, r./v is the Reynolds number, v = (v,,v,) is the
projection of the velocity vector on the transverse plane, and the
conventional operators V and A depend on r and ¢ only.

In the frame of preceding approximations, the boundary
conditions at the chamber surface become

r=R(p): W=0, (v-n)=1, (v-t)=0 (5)

where

n:( -1 R'/R )
VI+®R/R? 1+ (R'/R) ©

tz( R'/R 1 )
VI+®R/R? 1+ (R'/R)

are the inner normal and tangential unit vectors to the chamber
surface, respectively.

It is assumed that the solutions are symmetric about ¢ =0 and
¢ = /2, reducing the domain to solve Eqs. (2—4) to the half of the
sector, 0 < ¢ < «/2. The radial velocity, pressure, and the axial
velocity gradient W are symmetric and v,, is antisymmetric about
¢=0and ¢ =a/2:

dv, Jdp W

G "o g T @

The two-dimensional stream function corresponding to transverse
flow v cannot be introduced directly, but we will use next the
streamlines satisfied the equation

dr rde
— = ®)
v, Vy

In the case of the circular cross section, the inviscid solution of

problem (2-5), first obtained by Culick [3], takes the form

v, = —r~tsin(zr?/2), v, =0, W = mcos(nr?/2)

C=n?

The numerical solutions for finite Reynolds numbers in this case,
including the very small and very large values of Re, were given
recently in Balachandar et al. [1], where the main objective was to
study the influence of the small deviations of the cross section shape
from the circular one on the flow.

III. Potential-Solenoidal Decomposition

Following a theorem of vector geometry that a vector field may be
decomposed into potential and solenoidal parts, we write the
transverse velocity in the form v = V¢ + v, where (V - v) = O and ¢
is a potential. Then, introducing two-dimensional stream function for
v, the transverse velocity components are presented in the form

g 1oy C1ap oy
Ur_8r+r8(p’ vw_ra(p ar (10)

Let us introduce the axial vorticity

1 (3(rv,)  Ov,
Q‘?(ar ?ﬁ)

The equations determining ¢, 1, and 2 are

Ap=—W (11)
Ay =-Q (12)
(v-V)Q — WQ =Re ' AQ (13)

whereas Eq. (4) determining W remains unchanged.

For the boundary conditions at the chamber surface we require that
the wall-normal injection velocity condition is satisfied by the
potential part of the velocity, (V¢ - n)|,_r =1, or

(%—R—;%) =—/1+ (RI/R)? (14)
or R*0¢

r=R
The solenoidal part of the velocity field satisfies the condition
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indicating that the stream function takes a constant value, say zero, on
the chamber wall,

W|r:R =0 (15)
Handling the tangential velocity condition gives

dy| __ 1 d¢
r |, R+ (R/R1]deg|,_g (1o

where d¢/dg|,_g = (R'0¢/3r + 0¢/9¢)|,_g. The symmetry con-
ditions (7) read

0 0w
¢=0 and w—a/Z.%—a(p—l//—Q—O a7

and all functions remain finite at r — 0.

IV. Numerical Solutions

Numerical studies presented in the paper were carried out for two
kinds of chamber shapes, both given by

R =A{1 + bcos(ky)}, O<p<a/2=n/N (18)
In the first case k = N was employed, leading to a smooth shape of
the chamber cross section. In the second case we use the values of k
less then N, for which Eq. (18) describes the shapes with a
nonsmooth corner at ¢ = /2. Parameter A was used in all
cases to normalize the cross section perimeter requiring
fg/z ~/R?> + R”?dp = n/N. The other parameter, b, is free and
measures the deviation (not small in this study) of the shape from the
circular one. In all cases presented in the paper N = 5 was used.

For the purpose of facilitating the numerical analysis, the physical
coordinate r is transformed into the computational coordinate n by
means of the following relationship:

T]:(r_rm)/(R_rm)

where r,, is a small value, say 1073, introduced to facilitate the
boundary conditions at r < 1. Notice that in terms of n the
computational domain is transformed into rectangular, 0 < n < 1.
Although the introduction of a coordinate mapping would appear to
transform the governing equations to a rather complicated form, the
approach is favored with a finite difference method applied in the
study. The governing equations written in the transformed
coordinates were solved numerically using a Gauss—Seidel iterations
with overrelaxation for ¢ and v, and a pseudounsteady form for W
and Q. The mesh size was equi-spaced and sufficiently fine to
provide the grid independence of the results.

A. Smooth Cross Section Area Shape

Consider first the chambers with the smooth cross section shape.
Figure 2 shows, in the half of the sector, the streamlines defined by
(8) and calculated with b = 0.1, illustrating the changes in the flow
structure with increasing values of the Reynolds number. We plot in
this figure, with thick lines, two special streamlines. The first one has
the origin, indicated by point a, at the chamber surface and separates
the fluid directed to the chamber axis from the fluid tending to
circulate outside the central part of the chamber.

Beginning with some critical value of the Reynolds number the
vortex is formed in every half of the sector, as shown in Fig. 2 with
cases Re = 500 and Re = 1000. Notice that the quantity of the fluid
directed to the region of the chamber axis decreases with increasing
values of Re and the most of the fluid tends to recirculate around
these vortices. The critical value of Re depends on the geometric
parameters. For lower values of the Reynolds number, represented in
Fig. 2 with the case Re = 100, the vortex structure is not formed yet

Re=100
a

Re=500

b

a
Re=1000
b
a

Fig. 2 Streamlines, calculated for various Reynolds numbers, b = 0.1,
and the smooth shape. Dividing streamlines are plotted with thick lines.

and the fluid which is not directed to the chamber axis tends to the
axis of symmetry, ¢ = o/2, between two halves of the sector.

The second special streamline, plotted in Fig. 2 with thick lines for
Re =500 and 1000, has the origin, indicated by b, at the line of
symmetry ¢ = «/2, whereas the other streamlines originate at the
chamber surface. This streamline acts as an attractor for all
streamlines tending to the vortex, and therefore it does not appear for
cases with the Reynolds number lower than a critical one. With
increasing values of the Reynolds number the point b tends to
approach the chamber surface. Figure 3 shows the examples of the
isolines of the axial velocity gradient W and the isolines of the axial
vorticity 2.

With increasing values of b corresponding to more noncircular
shapes, the threshold value of Re above which the vortex structure is
formed decreases. Shown in Fig. 4 are the streamlines calculated with
b = 0.3. Observe the existence of the vortex for Re = 100 and also
the beginning of formation of the secondary vortex for Re = 2000.
Shown in Fig. 5 are the isolines of axial vorticity and the axial
velocity gradient plotted for the same values of the Reynolds
number.

To compare the structure of the flows near the vortex for different
Re we plot, in Fig. 6, the isolines of the vorticity €2 and the velocity

Fig. 3 Isolines of the axial vorticity (lower halves of the sectors, 2 at
intervals of 1 for Re = 100 and 5 for Re = 500) and the axial velocity
gradient (upper halves of the sectors, W at intervals of 0.5) computed for
b = 0.1 and the smooth cross section shape. Dividing streamlines are
shown with thick lines.
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Re=50

Re=100

Re=1000

Re=2000

Fig. 4 Streamlines calculated for » =0.3 and various Reynolds
numbers. Dividing streamlines are shown with thick lines.

Re=50

Fig. 5 Isolines of W (dashed lines, W at intervals of 1) and isolines of
(solid lines) calculated for b = 0.3 and various Reynolds numbers.
Isolines of 2 without labels are —300, —200, —100, —50 for Re = 1000,
and —1000, —500, —100, —50 for Re = 2000.

gradient W calculated with b = 0.3 for Re = 200 and 400 showing
also the dividing streamlines. One can see clearly in this figure that
there is a distance between the point of the maximum absolute value
of the vorticity (the vorticity is negative in the most part of this half of
the sector) and the center of the vortex. This distance decreases with
increasing of Re. One can see also that the variation of W in the
neighborhood of the vortex is weak. These observations are used in
Sec. V to describe asymptotically the flow near the vortex. Notice the
appearance of the region of the positive vorticity, plotted with dashed

° o Of1 0.2 0.3 0.4 0?5

Fig. 6 Isolines of the axial vorticity in the lower half of the sectors
(negative levels of 2 at intervals of 10 for Re = 200 and at intervals of 20
for Re = 400 plotted with solid lines; the positive levels for Re = 400 are
plotted at intervals of 2 with dashed lines) and the axial velocity gradient
in the upper half of the sectors (plotted with dashed lines at intervals of 1).
Streamlines are plotted with thin solid lines and dividing streamlines are
shown with thick lines.

lines, and pronounced formation of the shear layer near the dividing
streamline for Re = 400.

B. Nonsmooth Cross Section Area Shape

Illustrating the influence of the nonsmooth corner in the cross
section shape on the flowfield structure we plot, in Fig. 7, the isolines
of the vorticity 2 and the velocity gradient W calculated for Re =
200 and k = 4. In this case the angle B between the solid surface and
the axis of symmetry, as indicated in Fig. 7, is f &~ 133 deg (in the
smooth case B = 90 deg). This figure can be compared with Fig. 6
where the case with Re =200 and the smooth shape has been
plotted. The presence of the nonsmooth corner leads to the singular
behavior of the vorticity field near the corner.

Let us use the local cylindrical coordinates (7, ¢) attached to the
corner as shown in Fig. 8. For values 7 < Re™! the flow is described,

Re=200

N
~
i—>
S
0 s n n s s s
0 0.1 0.2 0.3 0.4 05 0.6

Fig. 7 Case of the nonsmooth cross section shape for Re = 200. Upper
half of the sector: axial velocity gradient W (dashed lines) and
streamlines (thin solid lines); lower half of the sector: isolines of the axial
vorticity £ (thin solid lines) and dividing streamlines (thick solid lines).



KURDYUMOV 2983

Fig. 8 Sketch of the local cylindrical coordinates near the corner and
the isolines of (22).

in first approximation, by the Stokes equations

A%y =0, Ap=—W, AW =0 (19)

where A denotes the operator written in terms of local coordinates.
They are to be solved with the conditions

g=p:70¢/0p=—1.  Y=W=7"9y/0¢+ d¢/07 =0
=0: 0¢/0p = dp/dW = Y = 9Y/39* =0

(20)
The leading terms of the solution are
w__;(,Bcos,Bsin@—@cosé)sin,ﬁ)cosﬂ ¢_?cos<2)
- (B — sin B cos B) sin B ’ ~ T sinf
W = B,#/%f cos(n®/2p)
21

where B, is a constant that cannot be determined by purely local
considerations. The leading term of the vorticity expansion near the
corner becomes

2cosf sing
B—sinfcosB 7

Observe, that the singularity given by (22) disappears for
B — 90 deg. The isolines of (22) are shown in Fig. 8 in one half
of the sector. They resemble, qualitatively, those near the corner,
shown in Fig. 7, taking into account that in the numerical calculations
using the finite difference method the vorticity values remain finite at
all grid points. Fortunately, this singularity remains to be local and
does not affect much the flow far from the corner, as in many studies
carried out for cases with similar nonsmooth geometries.

Q= 22)

C. Evaluation of the Constant C

Our interest lies in the numerical evaluation of the constant C
appearing in (1), and determining the axial pressure gradient as a
function of the Reynolds number. The results are plotted in Fig. 9 for
various cross sections. One can see that this value varies weakly with
the Reynolds number at Re > 1 resembling the results obtained in
[1] for the circular cross section.

s0r b=0.3

e S

20l b=0.3, k=4

A p=0.]

107 10 i° Re
Fig. 9 Calculated values of the constant C vs Re for various cross
section shapes.

1.55 |

15 1 . 2 . 3

10 10 100 py

Fig. 10 Calculated values of CV/2S/II as functions of Reynolds
number. Value of /2 provided by the Culick’s solution is shown with a

dashed line.

In contrast, the numerical value of C results very sensitive to the
geometric parameters b and k. In the present study the length scale r,.
has been used such that the nondimension perimeter of the cross
section area, I1, is equal to 27r. The nondimension cross section area
itself, S =(1/2) /3" R*dp, depends on geometry leading to the
appreciable variations of C shown in Fig. 9.

Nevertheless, we find unexpectedly weak dependence on b and &,
say the geometry, for the value C'/2S /1 plotted in Fig. 10, where we
give also, with a dashed line, the value 77/2 provided by the Culick’s
solution [5]. Observe, that the variations of C l/2g /I1 are less than 1%
beginning with Re = 100 for all configurations considered.

Itis easily seen that C'/25/T1 is invariable with the transformation
of the length scale. Indeed, if the new length scale is I = ml, where [
is the old one, then C=Cm? S=5/m? and Tl =TI/m.
Equation (4) written in the inviscid limit, (v - V)W = C — W2, has
the formal solution

W= Cl/2 tanh{cl/2 / g} (23)
0

U

where the integration is carried out along a streamline. One can see
that W grows along the streamline, beginning with the zeroth value at
the propellant surface, s =0, toward the maximum value
W = CY/2, at s — oo. It is assumed here that there exists a
streamline along which the integral in the right-hand side of (23) goes
to infinity as s — oo. From the continuity equation it follows that
WS = II, where W is the mean value of W. Then, the value C'/2S/I1
approaches W,,../W at Re > 1.
In the case of the planar counterpart of the Culick [3] solution,

S anf L 51 1 _1.2
V= sm(zny), w—zncos(zny), C=ym

—-l<y<l1

the value of C'/2S /11 is also equal to /2, where S = 2 and IT = 2
for the unit transverse length.

We hazard a conjecture that C'/2S/I1 = /2 for any closed
slender cavities in the invicsid limit. To provide support for this, the
steady flows described by (4) and (11-13) were calculated
numerically in the rectangular cavities for various values of the
aspect ratio. The evolution of the flow structure in the rectangular
cavity with increasing values of Re or changing the aspect ratio is
interesting, but will not be analyzed in this paper. We give only, in
Fig. 11, in a quarter of square, the streamlines calculated with various
Re, and in Fig. 12, the isolines of 2 and W calculated for Re = 1000.
Table 1 shows the calculated values of C'/2§/TI. One can see that,
despite complicated structure of flows shown in Figs. 11 and 12, the
value of C'/2S/TI approaches /2 and the differences between the
calculated values and /2 & 1.571 are of order 1/Re.
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Re=100 Re=200
0.5 0.5
0.4+ 0.4
0.3 0.3
0.29 0.2
0.1 0.1
0 T T t + J 0 T
0 01 02 03 04 05 o o o2 03 o4 05
Re=1000 Re=1500
05 0.5
0.41 0.4
0.3 0.3
0.24 0.24
0.14 0.1
0 T U T T 0 T T T T J
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5

Fig. 11 Streamlines calculated in the square domain for various Reynolds numbers.

0.!
@)
50:
0.4
0
0.3 o
o
0.2 -50,
0.1
&
|~
o

0.4

0.3

0.2

0.1

0

0 0.1 0.2 0.3 0.4 0.5

Fig. 12 Isolines of the axial vorticity 2 (upper plot) and the axial
velocity gradient W (lower plot) calculated for Re = 1000 in the square
domain.

V. Asymptotic Solution Near the Vortex

We shall describe in this section the asymptotic behavior of the
flowfield near the vortex at large Reynolds numbers. The preceding
numerical results showed that in this region the vorticity has a peak
2,, (negative in this half of the sector) growing as Re. For example,
the numerical calculations carried out with b = 0.1 give @, =
—9.97 for Re = 100 and 2,, = —101.3 for Re = 1000. From the
other side, the variations of W are weak in this region.

Let us place the origin of the local cylindrical coordinates (7, ¢) in
the point of the maximum absolute value of the vorticity. Introducing
the stretched inner variable £ = Re'/?7, assumed to be of order unity
in the viscous core, the asymptotic solution is sought in the following
form:

¥ =Yo(&) + Re™ 2P (€, 9) + Re ' Yo (E,9) + -+
Q = ReQ() + Re' Q1 (5, ¢) + (6, 9) + -+
W =Wy(&) + Re™'PW (£, ¢) + Re”'W,(§,9) + -
¢ =Re'¢o(&) + Re ¢y (5.¢) + Re Py (5. ¢) + -+

(24)

anticipating that the leading terms in (24) are functions of & only.
Substituting (24) into equations for W and ¢, rewritten in terms of &,
and equating the same order in Re terms provides

Loy, dWo _ ld( d%):—wo

Edp dE T EdE

g

Then, W, takes a constant value, say W, = w,, and ¢, = —w £2/4.
Substituting (24) into the corresponding equations for ¥ and €2
gives

(25)
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Table 1 Computed values of C'/2S/1I in rectangular cavities
for various Reynolds numbers and aspect ratios

Re 1:1 1:2 1:3
500 1.577 1.575 1.574
100 1.605 1.596 1.594
200 1.588 1.583 1.581
1000 1.573 1.572 —_—
1500 1.572 _— —_—
1d dwo)
S (e) = @ (26)
£ ds( d& 0
19 [ v\ 1y,
R R d —_ N __Q 27
sas( as)+sz 2l @7
4Q 0y, dyy 09,
Sl W ol _ 28
i b dE dg @8

dS2) 0y, dip 982,

r3xre ds e

030014 (40)
dé 3(/’ dé
Sd

% dp 0 dp & d§

2w (29)

From (28) it follows that 2, = K(§)y; + M(§), where K(§) =
(d2y/d&)/(dyy/d€) and M (&) are functions of £ only. When (29)
integrated over ¢ from 0 to 27, the periodicity leads to

(AR, Y,  di 392)
2200772 TR0T2) 4y — 0
A (ds dp  dE 3p )

For the others terms in the left-hand side of (29) one can obtain
TN P e
o o dp 05 ap )" )y \Mogae
P’y _—ly P’y
~ugg) o= [ (G- )4

_ 1 ’ al/l'
= (—yrut-wg)|

Hence, the solvability condition of (29) is

1d [ dQ, 1 d2,
gd_S(Ed_E)—’_ édS-FwQO—O (30)

The solutions for 2 and v, take the form

Vo = Ciw, '[-2 ta(§) — Ei(w,£°/4)]
@31

=0

Qy=C, exp(—wC§2/4),

where the part singular at £ = 0 has been eliminated. Here Ei(z) =
j'fc wlexp(—zu) du denotes the exponential integral and C, is a
constant that can be determined by the matching with the outer
numerical solution. In particular for b = 0.1 and the smooth cross
section shape C; ~ —0.1.

The solution of (27) and (28) takes the form

=" bt (&) cosin(e — )] (32)
n=1

where the phase ¢, and the coefficients b, again are determined by
the matching with the outer solution. The functions f,, satisfy the
equations

sy exp(—w.§*/4) _
[ e e AU
The analytic solution for n = 1 is
J1(6) =& '[exp(—w & /4) — 1] (34)

where we have eliminated the singular at &£ = O part. The solutions for
n > 1 can be obtained numerically. One can show that f, ~ &" at
£§—0.

Two terms of the velocity expansion written in terms of the
unstretched variables become

wC}: e—wLRefz/At -1 . ( )
=— — b —————sin(p —
Uy 5 1 Rei2 sm(@ — @g
—w.Rei?/4 _ 1 »
v, = —2C1 € 4 b ( —w,.Rerz/4 (35)
e—w(.Re72/4 -1
t o7 cos(¢ — @)

In particular at 7 = O the velocity becomes

1 ) 1
v, = Zblwc sin(¢ — @), v, = Zblwc cos(p —¢y)  (36)

One can see that the point of the maximum absolute value of the
vorticity, 7 = 0, does not coincide with the center of the vortex,
where v, = v, = 0, at finite values of Re. The distance between these
points decreases as Re~'/? with increasing values of the Reynolds

number.

VI. Conclusions

The main objective of the paper is the study of flows in slender
nonaxisymmetric cavities of solid propellant rockets. The slender-
ness permits to reduce the problem to the calculations of the self-
similar solution which describes the flow far enough from the end
wall of the cavity. The cross section of the cavity is assumed to be
noncircular and the calculations of the steady flows were carried out
in the half of the sector, 0 < ¢ < /N, where N is the number of
sectors.

The numerical results of the present paper are in agreement with
the conclusion given in Balachandar et al. that even modest
deviations from axial symmetry cause the vortexes with large values
of the axial vorticity. At large Reynolds numbers, we give in the
paper the asymptotic solution near the center of the vortex where the
inviscid solution failures. It has been shown that the value of the axial
vorticity becomes of order of Reynolds number in the viscous core.
These vortexes are encountered outside the neighborhood of the
centerline of the camber, due to nonsmall deviations of the cross
section shape from axial symmetry.

The self-similar form of the solution includes the constant C,
unknown a priori, which determines the pressure distribution along
the cavity axis. It was well founded expectation that this value varies
weakly at large Reynolds numbers, precisely the variations decay as
1/Re, and it has been confirmed numerically for various shapes.
Nevertheless, it was an unexpected revelation to find that one
property of the flow, namely, C'/2S/I1, is practically independent on
the cross section geometry at Re >> 1. It approaches to /2, the
value provided by both the inviscid Culick’s solution [5] for the
circular cross section and its planar counterpart. The discrepancy
found between the numerical values of C'/2S/I1 and 7/2 is less than
1% for Re > 100. It can be supposed that C'/2S/T1 = /2 in the
inviscid limit for any cross section, a conjecture that obtained also a
numerical support in cases of the rectangular cavities. Its rigorous
proof based on the analysis of the Euler equations looks complicated
and remains unknown for the author.
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